
LITERATURE CITED 

1. Chilton, T. H., and A. P. Colburn, Id. 
Eng. Chem., 26, 1183 (1934). 

2. CoIburn, A. P., Trans. Am. Inst. Chem. 
Engrs., 29, 174 (1933). 

3. De Acetis, James, and George Thodos, 
Ind. Eng. Chem., 52,1003 ( 1960). 

4. Evnochides, Spyros, and George 
Thodos, A.1.Ch.E. Journal, 7, 78 
(1961). 

5. Gamson, B. W., George Thodos, and 

0. A. Hougen, Trans. Am. Inst. Chem. 
Engrs., 39, 1 (1943). 

6. Goldstein, S., “Modern Developments 
in Fluid Mechanics,” p. 496, Oxford 
Univ. Press, London, England ( 1938 ) . 

7. Lorisch, W., Mitt. Forsch., 322, 46 
( 1929). 

8. Maisel, D. S., and T. K. Sherwood, 
Chem. Eng. Progr., 46, 131 (1950). 

9. McAdams, W. H., “Heat Transmis- 
sion,” 2 ed., p. 236, McGraw-Hill, New 
York (1942). 

10. Powell, R. W., Trans. Inst. Chem. 
Engrs. (London) ,  18,36 ( 1940). 

11. Sherwood, T. K., Ind. Eng. Chem., 42, 

12. Tang, Y. S., J. M. Duncan, and H. E. 
Schweyer, Natl. Advisory Comm. Aero- 
naut. Tech. Note 2867 ( March, 1953). 

13. Wieselberger, C., Ergeb. Aerodyn. 
Versuchanstalt Gottingen, 2, 22 (1923). 

2077 ( 19580 ) . 

Manuscript received November 22, 1960; revi- 
sion received May 15, 1961; paper accepted May 
17, 1961. 

An Experimental Study OF 
Three Component G a s  Diffusion 

J .  B. DUNCAN and H. I.. TOOR 
Cornegie Institute of Technology, Pittsburgh, Pennsylvania 

Equimolal countercurrent diffusions runs were made in a two bulb diffusion cell with the 
system hydrogen, nitrogen, and carbon dioxide. The initial bulb compositions were chosen so that 
various types of ternary interactions occurred. These interactions were well-described by the 
Maxwell-Stefan equations. The average deviation of the experimental mole froctions for all runs 
from those predicted by the Maxwell-Stefan equations was 0.45 mole %. 

The differential equations describ- 
ing isothermal, isobaric diffusion in 
ideal gas mixtures, the Maxwell-Stefan 
equations (11, 12) ,  have been known 
for a long time. Various integrations 
for steady state unidirectional diffusion 
without reaction in three component 
gas mixtures have been presented. 
Gilliland considered diffusion with one 
gas stagnant (18 ) ,  special cases of 
interest in the analysis of stagewise 
diffusional have been considered (1, 
2 ) ,  and Hoopes ( 8 ) ,  as well as Keys 
and Pigford ( l o ) ,  presented solutions 
with the rates of transfer unrestricted. 
Hellund, who did not start with the 
Maxwell-Stefan equations, considered 
an unsteady state diffusion problem 
(5, 6). Hougen and Watson (9)  and 
Wilke (22) developed approximate 
multicomponent solutions based on 
effective difhsivities, and Stewart pre- 
sented an alternate method of comput- 
ing effective difhsivities (14) .  

A solution for equimolal counter- 
current diffusion, with simple approxi- 
mate solutions, has been presented 
(19). The predicted behavior was 
found to be quite different from the 
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behavior of corresponding binary sys- 
tems. Even though the mean velocity 
is zero, the flux of a component may 
be zero in the presence of a concen- 
tration gradient of that component, a 
flux may exist in the absence of a 
gradient, or the direction of transfer 
may be against the concentration 
gradient of that component. (From 
the viewpoint of irreversible thermo- 
dynamics these are cross-diffusion ef- 
fects.) 

This behavior may be considered to 
be a consequence of the addition of a 
third component to what was originally 
a binary mixture and the above phe- 
nomena classed as ternary interaction 
phenomena. These are conveniently 
described as a diffusion barrier (19), 
osmotic diffusion (5 ,  6),  and reverse 
diffusion (19) respectively. (Because 
the addition of further components to 
the three component mixture intro- 
duces no new effects, these interac- 
tions may also be considered to be 
multicomponent interaction phenom- 
ena.) 

The first effect corresponds to zero 
values of the above mentioned effec- 
tive diffusion coefficient, the second to 

singularities, and the third to nega- 
tive values. The effective diffusivities 
of Wilke” and Stewart show this be- 
havior but Hougen and Watson’s do 
not (21 ) . Further analysis indicated 
that these interaction phenomena could 
drastically affect design calculations, 
plate efficiencies for example (20). 
Recent work has shown that the above 
phenomena do occur in ternary mass 
transfer (1 7) .  

Papers reporting experimental work 
in diffusion of ternary gas mixtures are 
not numerous. In a few the validity of 
the Maxwell-Stefan equations is in- 
vestigated. Fairbanks and Wilke ( 4 )  
studied diffusion of one gas through 
two stagnant gases and showed that 
the results were in agreement with 
Wilke’s approximate solution of the 
Maxwell-Stefan equations (22). 

Keyes and Pigford investigated the 
separation of a binary gas mixture by 
passing a third gas through the mix- 
ture (1 0) , and Hoopes measured both 
fluxes and gradients in a system in 
which all three fluxes were related to 
each other by a chemical reaction 

Wilke’s method 2 modified as suggested by 
Toor (19). Wilke’s method 1 does not have the 
proper behavior. 
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TABLE 1. EFFECTIVE ( L / A )  
FOR BINARY PAIRS 

Binary pair ( L / A  ) , cm.” 

HrNz 253.1 
HrCOz 263.9 
NrCOz 258.5 
average 258.1 
geometric value 251.1 

PREDICTIONS OF MAXWELL- 
S T E F A N  EQUATIONS 

PATH IF NO INTER-  

seems probable that the change of volume 
of mixing the ternary gas would also be 
small, and that the diffusion in the two 
bulb diffusion cell would be equimolal 
countercurrent diffusion. The three gases 
closely approximate ideal gases at this 
temperature and pressure. 

The integrated Maxwell-Stefan equa- 
tions which are available are steady state 
equations; the diffusion in the diffusion 
cell is not steady state. For this type of 
diffusion cell the assumption of a quasi- 
steady state has been used previous1 

fusion cell are the steady state fluxes. For 
binary diffusion the difference in the mole 
fractions calculated with this assumption 
and the mole fractions calculated using 
the unsteady state equations is negligible 

external to the diffusion path (8). In time. The data from each run consisted (less than 1 % )  in a properly designed 
both the results agreed with h e  of six initial and six final mole fractions cell ( 3 ) .  It would be expected that the 
Maxwell-Stefan equations to within and a time. quasi-steady state assumption would be 

Hydrogen, nitrogen, and carbon di- valid in a ternary system under essen- 
oxide were chosen as gases. The binary tially the same conditions as in a binary the experimental error. 

The object of this Work is to Carry diffusion coefficients are well-known, and system, and the cell was designed on this 
out a more stringent test of the Max- this ternary system should give noticeable basis. The experimental results indicate 
well-Stefan equations by studying the effects of reverse diffusion. The change that the assumption is valid. 
regions in which the predictions of the of volume of mixing of each of the three A second problem associated with the 
equations differ most from equimolal binary pairs is small ( 1 3 ) .  Therefore it two bulb diffusion cell is the effective 
countercurrent binary diffusion; that is 
in the regions in which reverse diffu- 
sion, osmotic diffusion, and a diffusion 
barrier are predicted. 

EXPERIMENTAL 

2 ( 1 5 ) ;  at any time the fluxes in the d 2  
‘ O Z  NZ 

Fig. 1. Composition path. 

The apparatus and its operation have 
been described in detail ( 3 ) .  The ap- 
paratus consisted of three sections: equip- 
ment to prepare and store two gas mix- 
tures of 500 cc. volume; a two bulb 
diffusion cell, bulbs with volumes of 
77.99 and 78.63 cc and a capillary dif- 
fusion path 8.59 cm. long and 2.08-mm. 
diameter containing a stopcock; and a 
gas chromatograph with a silica gel 
column to analyze gas mixtures. The 
diffusion cell could be charged four times 
with identical gas mixtures. The cell was 
placed in a water bath held at 35.2 f 
0.01”C. 

Two gas mixtures with different com- 
positions were first prepared. Each bulb 
as well as the section of the capillary from 
the bulb to the closed stopcock was filled 
with one of the mixtures. After thermal 
equilibrium was reached and the pres- 
sures in each bulb had been adjusted to 
atmospheric, the stopcock was opened 
and diffusion allowed to take place. At 
the end of the run the stopcock was 
closed and the contents of the bulbs were 

Three more diffusion rnns were made, 
each with the same initial bulb concen- 
trations, each with a different diffusion Fig. 2. Variation of composition with time. 

analyzed by gas chromatography. 0 2 4 6 8 10 12 14 16 

TIME - HRS. 
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length of the diffusion path. If some 
concentration gradient exists in the bulbs, 
then the effective length of the diffusion 
path is not the same as the measured 
eometric length. The ratio of the ef- 

fective length-area ratio ( L/A) appears 
when the Maxwell-Stefan equations are 
applied to the diffusion cell for binary or 
ternary diffusion. 

An effective length-area ratio can be 
measured with binary diffusion runs. 
Whether or not this effective ( L / A )  is 
valid for ternary diffusion can be deter- 
mined by comparison of accurate experi- 
mental results with predictions with this 
binary ( L / A )  ratio. However it will be 
seen that the ternary measurements can 
be also compared with the Maxwell- 
Stefan equations without the ( L / A )  
ratio. 

Samples of the pure gases were ana- 
lyzed with the gas chromatograph at the 

TIME - HRS 

Fig. 3. Variation of composition with time. 

highest attenuation, and no impurities of 
any significance were found. The pure 
gases were used for calibration, and three 
samples of each unknown mixture were 
used to determine composition. 

METHODS OF CALCULATION 

For binary diffusion in a two bulb 
diffusion cell, with the assumption of a 
quasi-steady state, it can be shown 
(15) that 

(1) 
L - D,,(V;l-V;')t 
-= 

I xi ( j ) -  - Xtrn( j )  

xzo ( i )  - xi- ( i )  
A In[ 

This equation is the basis of analysis 
of binary diffusion runs. All of the 
variables on the right-hand side of the 
equation are known, so the ( L / A )  
can be calculated. 

The binary diffusion coefficients 
used were the best experimental values 
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avaiIabIe (16) corrected to the thermo- 
stat temperature by the method sug- 
gested by Hirschfelder, Curtis, and 
Bird ( 7 ) .  The values of the diffusion 
coefficients at 35.2"C. and 1 a m .  
were nitrogen-hydrogen, 0.833 sq. cm./ 
sec.; hydrogen-carbon dioxide, 0.680 
sq. cm./sec.; carbon dioxide-nitrogen 
0.168 sq. cm./sec. 

For diffusion of ternary gas mix- 
tures in the two bulb diffusion cell the 
following equations are used for cal- 
culation. At any time the steady state 
fluxes of the three components may be 
determined in terms of the bulb com- 
positions from the solution to the 
Maxwell-Stefan equations for equi- 
molal countercurrent transfer (19). 
The equations are ( 3 )  

DL<' (Dll-' - D2c1) N,' $- DzL1 

(D,' - DB-') N,' = (D$ - D%-') 

[ x l ( l )  - ~ 1 ( 2 ) ]  + (Di'-Du-') 

[xz ( l )  -X2(2)1. (2) 

(Om-' - Dm-l) N,' + (DE-' - Om-') N,' = 

ficantly. The deviation of the effective 
from the geometric ( M A )  ratio is 
2.80%. 

TERNARY RESULTS AND DISCUSSION 

Five sets of ternary experiments 
were made to cover the various types 
of possible interactions. On Figure 1, 
a triangular plot, are shown the results 
of four diffusion runs, with nitrogen 
reverse diffusing, each with the same 
initial bulb concentrations. The final 
concentrations of each run are shown 
as circles. Figure 2 shows the final 
concentrations of all three components 
as a function of time for the same runs 
with carbon dioxide and hydrogen on 
a reduced scale. The solid lines on the 
figures show the theoretical predic- 
tions of Equations (2)  to (6) ,  the 
Maxwell-Stefan equations as applied 
to this system. In Figure 2 the effec- 
tive ( L / A )  from the binary results is 
used. 

On Figure 1 the points labeled 1 
and 2 on the edges of the triangle are 

and 

where 

By a material balance 

N,' + N,' + N ;  = 0 (4) 

N,' -- (RTL/P)  N ,  ( 5 )  

and similarly for bulb 2. NI' is posi- 
tive if the transfer of component i is 
from bulb 1 to bulb 2. Equations ( 2 )  
to (6) can be solved to give xi ( j ) ,  
i = I, 2, 3, i = 1, 2, as a function of 
time with a numerical procedure on a 
digital computer ( 3 ) .  Newton's itera- 
tion method was used to solve Equa- 
tions ( 2 )  to (4) with the first trials 
for the N,' obtained from Toor's ap- 
proximate solution, Equation (57)  in 
(19). The bulb composition paths 
which are predicted are independent 
of time and ( L / A )  (Figure l ) ,  so it 
is possible to check the Maxwell- 
Stefan equations independently of the 
quantities ( L / A )  and time. 

BINARY RESULTS 

Seven binary diffusion runs were 
made to evaluate the ( L / A )  ratio for 
binary experiments. The results are 
given in Table 1. The experimental 
error indicates that the ( L / A )  for the 
three binary pairs do not differ signi- 
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the starting concentrations for all four 
diffusion runs. The point labeled equi- 
librium is calculated from the initial 
compositions. The dotted line repre- 
sents the path of the bulb concentra- 
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Fig. 4. Variation of composition with time. 
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tions if there were no reverse diffusion 
of nitrogen. The dotted line and the 
solid line do not coincide. Reverse 
diffusion is predicted. Point 0 repre- 
sents a point of osmotic diffusion, point 
B a diffusion barrier. Reverse diffusion 
is predicted between points 0 and R. 
Similar notation is used on Figure 2. 

This set of runs shows that nitrogen 
starts out diffusing from the bulb with 
high concentration to the bulb with 
low concentration, Figures 1 and 2. At 
the points 0 the mole fractions of 
nitrogen are equal in both bulbs. How- 
ever the nitrogen mole fractions do not 
remain equal. Therefore for an instant 
there must be diffusion of the nitrogen 
when the concentration gradient of 
nitrogen is zero; that is there is a point 
of osmotic diffusion. The nitrogen 
mole fraction in bulb 1 increases as 
the mole fraction of nitrogen in bulb 
2 decreases until point B is reached. 
Since the mole fraction of nitrogen in 
bulb I is greater than the mole frac- 
tion of nitrogen in bulb 2, this is a 
region of reverse diffusion of nitrogen. 
At point B the mole fraction of nitro- 
gen in bulb 1 stops increasing and 
starts decreasing. In bulb 2 the mole 
fraction stops decreasing and starts 
increasing. For an instant there is no 
diffusion of nitrogen even though a 
concentration gradient exists; that is 
point B is a diffusion barrier. 

Figure 2 also shows the mole frac- 
tions of carbon dioxide and hydrogen 
as a function of time for this set of 
diffusion runs. The interaction phe- 
nomena do not occur for these two 
components because of the choice of 
the initial compositions. The transfer 
of these two components is always 
from a region of high to low concen- 
tration. 

This set of runs shows that reverse 
diffusion, osmotic diffusion, and a dif- 
fusion barrier exist. Figure 2 shows 
that the Maxwell-Stefan equations also 
predict the results quantitatively for 
the set of runs. The average deviation 
of the predictions of the Maxwell- 
Stefan equations from the experimental 
molar compositions is 0.7 mole %. 

Figure 3 contains the results of a 
set of runs in which the initial nitrogen 
concentrations in both bulbs are equal. 
In this case the osmotic diffusion point 
for nitrogen occurs at time zero. 

This figure also contains the con- 
centration profiles predicted by Toor’s 
approximate solution to the Maxwell- 
Stefan equations. The approximation 
is seen to be reasonably close to the 
exact solution. 

Figure 4 shows the results of a set 
of runs with the initial compositions 
chosen to make carbon dioxide reverse 
diffuse. From these results exactly the 
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same conclusions may be drawn as 
before. 

Diffusion runs were also made with 
hydrogen reverse diffusing. I t  was pre- 
dicted theoretically that the maximum 
increase in the hydrogen mole frac- 
tion in one bulb due to reverse diffu- 
sion would be only 0.5 mole %. This 
was verified experimentally. 

For all ternary diffusion runs the 
average deviation of the predicted 
mole fractions by the Maxwell-Stefan 
equations from the measured mole 
fractions is 0.45 mole %. This is well 
within the expected experimental 
error of 2.6 mole %. 

The triangular diagrams show that 
the composition paths followed in the 
bulbs are in agreement with the pre- 
dictions of the Maxwell-Stefan equa- 
tions. When the data are compared 
with theory on an explicit time scale 
with the binary ( L / A )  ratio, satis- 
factory agreement is also obtained, 
indicating that the ternary ( L / A )  
ratio is essentially the same as the 
binary. The quasi-steady state assump- 
tion is apparently valid also. 

I t  may be shown that the fractional 
deviation between the measured and 
predicted composition changes over a 
time interval is equal to the fractional 
deviation between the measured and 
predicted time average fluxes over the 
interval. Using the time interval as the 
entire peribd of a run one gets the 
average error between measured and 
computed time average fluxes for all 
runs as 1.5%. 

CONCLUSIONS 

The equimolal countercurrent dif- 
fusion experiments with hydrogen, 
nitrogen, and carbon dioxide are well 
described by the Maxwell-Stefan 
equations. In particular, the phenom- 
ena of reverse diffusion, osmotic dif- 
fusion, and a diffusion barrier do exist, 
and these phenomena are predicted 
within the experimental error by the 
Maxwell-Stefan equations. 
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NOTATION 

A = area of the diffusion path 
D,r = binary diffusion coefficient 
L = length of the diffusion path 
N ,  = molar flux of ith component 

with respect to fixed axis 
N,’ = ( R T L / P )  N c  
P = pressure 
R = gas constant 

T = temperature 
t = time 
V, = volume of ith bulb of the 

diffusion cell 
& ( j )  = mole fraction of ith compo- 

nent in the jth bulb 
~ $ “ ( j )  = mole fraction of ith compo- 

nent in the jth bulb at the 
beginning of a diffusion run 

= mole fraction of ith compo- 
nent in the jth bulb at equi- 
librium 

xim(i) 

LITERATURE CITED 

1. Benedict, Manson, and A. Boas, Chem. 

2. Cichelli, M. T., W. D. Weatherford, 
Eng. Progr., 47, 51 ( 1951). 

Jr., and J. R. Bowman, ibid., 47, 63 
(1951). 

3. Duncan, J. B., Ph.D. thesis, Carnegie 
Institute of Technology, Pittsburgh, 
Pennsylvania ( 1960). 

4. Fairbanks, D. F., and C. R. Wilke, 
Ind. Eng. Chem., 42, 471 (1950). 

5. Hellund, E. J., Phys. Rev., 57, 737 
(1940). 

6. Ibid., p. 743. 
7. Hirschfelder, J. O., C. F. Curtiss, and 

R. B. Bird, “Molecular Theory of 
Gases and Liquids,” Wiley, New 
York (1954). 

8. Hoopes, J. W., Jr., Ph.D. thesis, 
Columbia University, New York 
(1951). 

9. 

10. 

11. 

12. 
13. 

14. 

15. 

16. 

17. 

18. 

19. 

20. 

21. 

22. 

Hougen, 0. A., and K. M. Watson, 
“Chemical Process Principles,” Part 
3, Wiley, New York (1948). 
Keyes, J. J., Jr., and R. L. Pigford, 
Chem. Eng. Sci., ‘6, 215 (1957). 
Maxwell, J. C., “Scientific Papers,” 
Vol. 2, p. 57, Dover Publications, 
New York (1952). 
Ibid., p. 625. 
Michels, A., and A. J. H. Boerboom, 
Bull. SOC. chim., Belges, 62, 119 
(1953). 
Mickley, H. S., R. C. Ross, A. L. 
Squyers, and W. E. Stewart, Natl. 
Advisory Comm. Aeronaut. Tech. 
Note 3208 ( 1954). 
Ney, E. P., and F. C. Armistead, 
Phys. Rev., 71, 14 (1947). 
Reid, R. C., and T. K. Sherwood, 
“The Properties of Gases and Liq- 
uids,’’ McGraw-Hill, New York 
( 1953). 
Sebulsky, R. T., and H. L. Toor, 
A.I.Ch.E. Journal, 7, No. 4, p. 565 
(1961). 
Sherwood, T. K., “Absorption and 
Extraction,” McGraw-Hill, New York 
(1937). 
Toor, H. L., A.1.Ch.E. Journal, 3, 198 
( 1957). 

, and J. K. Burchard, ibid., 6, 
202 ( 1960). 
Toor, H. L., and R. T. Sebulsky, 
A.1.Ch.E. Journal, 7, No. 4, p. 558 
(1961). 
Wilke, C. R., Chem. Eng. Progr., 46, 
95 (1950). 

Manuscript received April 3, 1961; revision re- 
ceived July 5,  1961; paper accepted July 5, 1961. 

A.1.Ch.E. Journal Page 41 


